Marks 3
dz .. .
[?_I (a) Evaluatc[ 912" giving your answer in exact form.
0 -z

@ (b) Find the acute angle, in radians correct to two decimal places, between the lines
y = %z +3 and :—%x-I-S.

(c) Differentiate y = In(sin™' ) with respect to z.

1
T

E‘ (d) Solve the inequality z =
(e) The polynomiw equation 3z° —22% 437 —4 = 0 hasroots a, J #:. - Find the exact
. 1 1 1
value of — + — + —.
aff  ay By
QUESTION TWO (Start a new answer booklet)

Marks 2
|

1 . I
3] (a) Evaluate / ——— dz using the substitution v = 1 — 2",
= \/] o

Mo} : . cosr —cos2y
131 (b) Prove the identity ——————— = cosecx — cotx.
sin2r +sinr

i__.'l_ (¢) Two paralle! lines have equations r —my+1=0and x —my —1 =10

S . :
(1) Show that the point (0, —) liesson r —my + 1 =0.
mn

(ii) Find o siven that the perpendicular distance between the lines s Tuni,
3 (d) The fue f10) s defined by:
Jh‘in ., for -1 <r<t
filx) 2, for »+ =0,
1 cos ', forl) <
(1) Dra at sketeh of y = flr), for -1 <& |

) v A = ‘, ).
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PUESTION THREE (Start a new answer booklet)
1l i) Given "C, = ... show that — s n—r+1
ﬂ (a) (i) Given "C. = Tl o
(i) Hence prove that:
..E i_‘_?X"CE 3 x "Cs L.m x. C”—:;(n 1.
-1CD f!Cl an "C’!\—I 2
3 . | n’ : i al
|?] (b) The coefficients of the terms in z* and z~% in the expansion of (.m,r + 5 ) are equal,
m? 10
where m and n are non-zero real numbers. Prove that s
ez Y
4] (o) @
S(o,)
P(zap,a Flj
m— T
0

» .
In the diagram above, P[Zap,ap?) is a point an the parabola rh o= 4ay with focus
I ’S externally so that

§5(0,a). The point @ lies on PS produced, and @ divides [
PO RS= =342
(1) Prove that @ has coordinates ( — dap, a3 - ‘l;rij.}.

s the locus of @ is another parabola Find 1ts equation. and

{ii} Show that as P varies :
crms ol a

1 the coordinates of its vertex and its focus i

write oow
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QUESTION FOUR (Start a new answer booklet)
Marks f t3
@ (a) (i) Prove that cos 20 = Tra where t = tanf.
(ii) Hence show that tan § = V2 - 1.
4 as a factor, and when it is divided

@ (b) P(z)is an odd polynomial of degree 3. 1t has = +
3 the remainder is 21. Find P(z).

by x -
P
& © Q
h 50°
" T
240 T R
B T

ing alo:?;_r, the path PR, 1t has a constant speed
le of 5°. It flies directly over beacons
O first sights the aircraft over
ain 10 minutes later over

In the diagram above an aircraft is fly
of 300 km/hr and is descending at a steady ang
at A and B, where B is due East of A. An observer at
4 at a bearing of 290°T. The observer sights the aircraft ag
B at a bearing of 50°T and with an angle of elevation of 2°.

(i) Show that the aireraft has travelled 50 km in the 10 minutes between observations.

(ii) Show that £A0B = 120°.

{iii} Prove that the observer at 0 is 19 670 meires,
beacon at B.
(iv] Find the altitude h of the aireraft, to the nearest 10 metres, when it was originally

sighted over A.

o the nearest 10 metres, from the

(a) The radius of a spherical bubble is expanding at a constant rate of 0-02mm/sec. Find

the rate of increase of the volume when the radius is 20 mm.

@ (b) The displacement « metres of a particle at time t seconds moving in simple harmonie
motion is = 4 cos(§t+¢), where 0 < ¢ < 2m. When t = ;, z=2andz = fr\/jm;‘sw_

Find the value of €.

(6] (c)

In the diagram above, AB and AC are equal chords of a circle with centre O and
radius r. Let /BOC = 26.
(i) The triangles ABO and ACO are congruent. Show that each has area :firz sin .
(ii) Write down an expression n terms of + and 8 for the area of the minor sector
OBC.
(iii) The shaded region, bounded by the two chords AB and AC and the minor arc

BC. has area half that of the circle. Prove that § +sinfl = 7.

(iv) Taking 8 = 0-8 as a first approximation to the solution of & +sinf = . use one
application of Newton's method to find a second approximation correct to two

decimal places.
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QUESTION SIX (Start a new answer booklet)

Marks

(6] (a) (1)

In the diagram above, TP and T} are tangents drawn from an external point 7'

P

to a circle centre O. Prove that TP = T(Q.

(i1)

P

In the figure above, two circles with centres 4 and B touch externally at point |
The common tangent at C intersects the direct common tangent PQ at D.
line QB produced meets the circumference of the smaller circle in R.

Copy the diagram into your answer booklet and prove that P, C and I/

collinear.

G {b) The rate of change of a guanti!

R. L and V are constants

{1} Show that [ = + A

tun) Deduce a relationship et

(11} Initially £ = 0, and it 1s
Find the value of [, in sew

D Q

ol respect to t s given by

ties this equation, where A 15 a constan

1" and R as t increases without bound

hat V=35 1 =22x10% and L

wation Lo 2 significant figures. when ¢ =

44

7
il ?/,o

7
ﬁ;b_}’

The diagram above shows the path of a p..,

-

«ctile fired from the top O of a chff. Its

initial velocity is V' m/s, its initial angle of elevation is  and it rises to a maximum
height h metres above O. It strikes a target T situated on a horizontal plane h metres

III']()\\" 0

The horizontal and vertical components of displacement in metres at time t seconds

are given by r = Vicosf and y = Visin#

(i} Prove that h = — —-

Lgt? respectively.

(i) Prove that the time taken for the projectile to reach its target is:

Vsinf(1 4+ +2)

.“if‘f'f?l]d:\'.

(111) Hence show that the distance from the rarget to the base of the cliff is:

351+

b (1) Show that sinr 4 cosr = v s

(1) Prove that the derivative of y

(1) Given the function y = ' sinr
dervative for positive integral o
"

T it
et

1 26

metres

dy /
o R o : z
wiven by = viae sl =)
i y

nathematical induction that the

m {4+ 25)
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QUESTION ONE

Marks

B e

5 [V

(2] (b) tano= [I"_‘

i

2

0 3

=% [V
So 8 =091

[_2:| (c) y=1n[sin_]r)

dz  (sin~'z)V/l-22 V]
[ Yy
3] (d
(3] (a) N

G .
ltans, to two decimal places. @

3/_4_UNI'I‘ MATHEMATICS FORM VI

= 3
>
p— 3 . &
LX z | > 2 and z #0
wr=1)z+1)2>0, [/
50 l<r<Qorzx>1. [\/\/|
i| (e) 3a ‘ 2 0

: [\/ for botl|
] ; 449 ,.
af " 0 i (V]

V]

3] (b) LHS

(11)

cos T — Cos 21

:1;12z—c0°3:
_(‘0&3}‘—9605 r 41 m
" 2sinzcosz +sinx
_(")wq z—(‘oq:

1
\

sinz(2cosz + 1)
—(2cosz + 1)(cosz — 1)
sinz(2cosx + 1)

] —COST
/|
sin L]
= cosecry —colx |_\.*'_

= RHS5.

LHS =2 —my + 1

1
=0—-—xm+1

m
=0
= RHS. [V]
So the point lies on ih line.
|gi v 5 2
1= |
|
v
\f'.] +m? =2
m- =3
50 mo= Vi o

(3] (@ )

v |\/|

Page #
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QUESTION THREE

Marks

e o R %! (r— l)[(u—r -}-l)!
4] (s i~ =g x A C
: §| (2) () o ri(n—r)! * n!

r(r —?_)‘.{n —r)!
=n-r+1. M

(i) LES = -S1 4 2X"C2 | 3X"Gy

_= D r kYm0t

T ><. "C,,

- 2+ ——
"(-'D "('.'l n(_q -:Cn_’
=n=14+1)+(n-24+1)+n-34+)+...+(n—n+1)

=n+4+{n-1)+(n—-2)4...+1 [\/]

n
= 5(271 + (n - 1](—1))
n T
= E(n +1) |y
) = RHS.
2 _ 6 V6=T (=217 - 0-4
[4| (b) upyy Cr(ﬂfﬂ:’ (1:,1: ). [__"_1_] tol ) = _:f!’_
s Gcrrnh—r”r;ru—.l- :_] 3-2
For term in = 6—-3r=3 =—4ap
3a — 2ap’
r=1 Y=
i - 3-2
50 uy = °Cym’nz®. [_\ﬂ = a(3 — 2p%).
Fortermin z ™% 6 —3r = -3 So @ is (—4ap,a(3 - 2p*)). ||

r=23 -
) - (n)
50 Hy = l'(T;;Jnau":c' % U

Now SCymn 5(_'.3”137:3
Gm™n = 20m3n®
m 110 |\/

T = —dap
2
T
50 p?‘ = —-
16a
(_ 22 )
y=al|3 - —
{ 16a*
; x®
= 3a
fult
so z? = Baly — 3a)

This is another parah
Vertex: V(0,3a)
IFocal Lengtly: 20

Focus: S0, a) AY,

UESTION FOUR

(a) (i) LHS = cos2§

= cos’f — sin® @

cos? f + sin® @
ki tan® @
T + t;mgﬁi

1—t?
S M
= RHS.
(ii) Let 0=1%.
1 -2
. x |
€os | TNE [\/
1 _1-#
V2 142

50

ﬂ (b} P(z) is odd, of degree 3, so z and r — 4 are also factors.

®
N o I |

/2
V2 _V2-1
vV2+1 V2-1

=(v2-1)’
t=v2-1,¢>0. []

Now P(z) =az{z +4)(z —4) [/
rP3)=21 V]

=
a=

Thus Plz) =

3axTx(-1).

1. [\.r'.i
i e B S T
£ 16 |\
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(¢ ¢
(e) (i) !300 km/hr = 50 km in 10 minutes. m

(if)

S0 cos 5° B

{AOB = 70° 4 50°
=120°. [V]

(iii) AB = PQ
cqe — L€
cos50° = 50
PQ = 50cos5”
S0 AB = 50cos5°.
Now — £ = —OB
sin 120° sin 20°
ABsin20°

OB = =i

50 cos 5% sin 20°

sin 120°
= 19670 metres, to nearest 10 metres. L\ﬂ

{iv)
P L Q@
A R //f:g
D it L R

A & & <
e QR
ST 50000

50 QR = 50000 sin5°.
tan 2° HI{

19670
500 RE = 19670 tan 2°.

Now h Ifl-_]“ e

= 5040 metres, to neavest T

4

Marks AV v

6 @ 1) ot £hl d_’

6] @ ) % =% & M
= dwr? x 0-02.
= 4w x 400 x 0-02 ]_7]
= 32x mm:'}s_ L\—/]

(1) z=4dcos(§t +e).
When t = %} =9

2=4dcos(§ +e¢)

cos(§ +¢) = 1. E/’]

. Now T = —2wsin(§t +¢).
When £=?, =73
T3 = —2?rrsi|1f:§ 4 a':]

sin(f +¢) = —“:i M

Since cos(F +¢) > 0 and sin(§ +¢€) < 0

=% [

wix

i (b) (i) reflex £BOC = 27 — 20
LAOB = LAOC
= (27 —26)
=r-0. [
Arven = Lrlfsin(r — )

5
1 |
2

- 2% 5ind. ]_\,f'|

i) Area = 1% x99

- %0, [

st 28 = .'f_")

] sind




5G5S Trial 1996 .......ccoen.... 3/4 Unit Mathematics Form VI Traal 3990 vrnmmmsnmms 3/4 Unit Mathematics Form VI ... .. ........... Page 8
(iv) ) f+4sinf =% UESTION SIX P
f+sind—-T=0 (a) (i)
Let f(8) =6 +sinf - £
f1(0) =1+ cosd 0 e T
f(6:)
0 =6, — .
R ()
0- sin0-8 — *
=8 — 8 + :-..i_nf} B —Z L\._/J [&]

1+ cos0-8 Join PO, 0@ and OT'.

= 0-83 correct to 2 decimal places. [T[J In AOPT and AOQT :
1. PO =0@ (equal radii),

2. LOPT =/0QT (radius perpendicular to tangent at point of contact),
3. OT =0T (common side),

so AOPT = AOQT (RHS),

50 P1I'= QT (matching sides of congruent triangles). |\/_\/J

(i)
C | )
' 8
Q

Join C'@J. 7 D
PD =DC = D@ (tangents from an external point),
so circle with P@Q as diameter passes through C. W|

So /ZI'C() =90° (angle in a semicircle, diameter FPQ).

also Z1C() = 90°  (angle in a semicircle, diameter Q7).

50 PO = 180°,
So ! It are collinear, I\/]
.| g Eis t
i I:]r_} (1} I =
ohd ¢ q
£ ;
5 V]
!
i l
!
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b X 6 o ; . v -8t
(i) {!EEOI = :1_'129 (-H- + Ae” T )
S0 I= %{-, I]
(iii) When ¢ =0, I =0,
50 0= % + Ae"
50 A= —-%, L:/J ‘
v v -8t
Now I= " ,—t’. L
Vv _y
ShGen)
—zaxi0? w210~
= ﬁi’lﬁ (] — gEsx10-" # ) Iﬂ

= 1.1 x 107 to two significant figures.

g
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QUESTION SEVEN

Marks

m (a) (i) y = Vtsinf — %91'.2
so y=Vsinb— gt
Let y =0,

S T Vsmﬁ" m

q

Vsind Vsing\*
Now y = Vsind ( S ) = %g (——-?j—l—.—)
q q

V2sin®@ VZsin®6

g 29
B V2sin? @ @
29
. ¥ » E 2 .')'. ? 0
(ii) Projectile reaches target where y = - ’)m 2
=4

V2Zsin® g -
2q B
so ¢*t* —2gVising — V?sin® 8 = 0

%r_,r Vsind + \/492 Ve sinj?—i- 4g2V/2 sin’ @

S0 - = VVisind - i_qfl‘, I—l/]

500 =

2g?
_ 2¢gVsiné £ 2/2gV siné
= : __Hi.
Vosin b1 + \/—)}

= — since t > 0. E\/j

L

(i) » = Vicos8
Vsind(1 + V2)

Veos# x
g
V2sin20(1 +v2) —
5, Wi
29
() (i) LHS = V2sin (x + %)
Vf'_] f:{iu T eos T 4 cosxsh

4

Y. N T DR L

v (\f__'. s+ 7
|

s | %
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_'\' =
(1) y=c*sinz
d -
. e*cosz + eTsinz

dx

= e*(sinz + cos z)

= V2e"sin (z + I). @

(iii) Prove g:g = (\/é) " ef sin (z 4+ 2%) , for positive integral n.
T
d|
Step 1: Consider n = 1. LHS = d_y
T
= V2% sin (z 1 ;—r)
= RHS.

So the result is true for n — E
Step 2. Assume the result is true for positive integral k.

d* &
So EI_?: = (\/ﬁ) e’ sin (x4 !-1_'J _ @

"We shall prove the result is true for k41,

dk+1 k41 »
that is we prove, ax_""*'!: - (\/5) o (J. | {1.4‘:];) .
dk-i-l,y
Now LHS = i
_d (dy
dr \ dzk
= i v@)" e sin (2 + ﬂ} by duction hypothesis M
dx i

= (\/@ J;c: sin (r + J‘E) + (\/ﬁ)’*r' ros (.1, + "1_")
(\/5)*(,-{ s (2 + *1_”) + cos (z 4 1.{."”

B )
= (\/2) X V2 sin {.‘r + 5.[1.’* + T'f) i

k41 —
= (\/5) { L’Lﬂt‘i”_’f), r\/ with coEg]mi;_r_m?
= RHS.
Conelusion: [t follows - eps b and 2 above by mathematical induer:
the result is true for - depral n.

O



